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Overview

Strongly  interacting  models  beyond  the  Standard  Model

Pure  Yang-M i l ls  theories :  Dark  G lueba l ls

W ith  fermions :  Composite  Dark  Matter/composite  H iggs+top

1st  order  phase  transitions  in  those  models

Pure  Yang-M i l ls :  Mostly  1st  order

W ith  Fermions :  Columb ia  plot  and  its  genera l izations

F irst-order  transitions  on  the  lattice

Issues  with  importance  sampling  a lgorithms

Density-of-states  approaches
33



Strongly interacting BSM models

1. Dark Matter Models
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Strongly Interacting Gauge Theories in DM Models

Pure  gauge :  Dark  glueba l ls  only  possib i l ity

W ith  fermions :  G loba l  symmetries  make  DM  stab le

Mediator  typically  required :  Dark  sector  coupled  to  SM

Non-vanishing  self-scattering  cross-sections :  

Relic  density  driven  by  strong  processes

⟨vσ ​⟩ =DM→DM  0
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Gauge-fermion theories: Global symmetries

in  QCD  with  massless  fermions :  

D ifferent  breaking  patterns   for  fermion  irreps

SU (N ​) ​ ×f L SU (N ​) →f R SU (N ​) ​f V

G → H
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Dark Matter properties

DM  self- interaction  phenomenologica l ly  a l lowed  and  potentia l ly

relevant  for  sma l l-sca le  structure  prob lems

non-vanishing  scattering  cross-sections  

veloc ity  dependence  of   preferred

[ 1 ]

σ ​2DM→2DM

σ ​2DM→2DM

       

77

[1] see e.g. Bullock,Boylan-Kolchin [[1] see e.g. Bullock,Boylan-Kolchin [1707.042561707.04256], Tulin, Yu [], Tulin, Yu [1705.023581705.02358]]

https://arxiv.org/abs/1707.04256
https://arxiv.org/abs/1705.02358


Example  model :

Strongly  Interacting  Massive

Partic les

In  ChiPT:  Wess-Zumino -W itten

Depletion  via  

same  as   in  QCD  

LO  ChiPT  matches  relic

density  at  

3DM → 2DM [ 1 ]

KK → 3π [ 2 ]

m ​ ≈ O(100)MeVπ

[1] Hochberg et. al. [[1] Hochberg et. al. [1402.51431402.5143][][1411.37271411.3727]]

[2] Wess, Zumino[2] Wess, Zumino(Phys. Lett. B 1971)(Phys. Lett. B 1971), Witten, Witten

(Nucl. Phys. B 1983)(Nucl. Phys. B 1983)
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http://arxiv.org/abs/1402.5143
http://arxiv.org/abs/1411.3727
file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/talk.md
file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/talk.md


Strongly interacting BSM models

2. Composite Higgs Models

(and partial top compositeness)

Here :  Only  asymptotica l ly  free  gauge-fermion  theories
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Composite Higgs Scenarios with Partial Top Compositeness

Are  much  more  constra ined  by  electroweak  phenomenology

Must  accommodate  SM :  

Must  conta in  a  H iggs  doub let ,  and  a  fermionic  tril inear

reta in  asymptotic  freedom

want  to  avoid  IR  conforma l  theories

Requires more than one fermion irrep:

L ​ =CH − ​ TrF ​F + ​ i/D − m ​ Q + i/D − m ​ Ψ
2
1

μν
μν Q̄ i ( i

f ) i Ψ̄ j ( j
as ) j

H ⊃ G ​ ⊃custodial G ​SM
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Composite Higgs + Top Realisations as classified by Ferretti and Karateev

1111

table taken from Feretti table taken from Feretti [1604.06467][1604.06467], see also Ferretti,Karateev , see also Ferretti,Karateev [1312.5330][1312.5330]

https://arxiv.org/abs/1604.06467
https://arxiv.org/abs/1312.5330
Note
TODO: Align Notation



2. Gauge theories with 1st order transitions
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First-order phase transitions in gauge theories

F inite  temperature  conf inement-deconf inement  transitions

Oder  parameter :  Polyakov  loop

Typically  f irst  order :  exception  ,   weakly  f irst  oder

Driven  by  the  size  of  the  group :  A lso   is  f irst  order

Larger   stronger  PT

W ith  suff ic iently  heavy  fermions :  Stil l  a  f irst  oder  transition

SU (2) SU (3)
Sp(2N > 4)

N ​ →c

1313

see e.g. Wiese et.al. see e.g. Wiese et.al. [hep-lat/0312022][hep-lat/0312022]

http://arxiv.org/abs/hep-lat/0312022


Intermission: Lattice setup

Euc l idean  action   on  hypercub ic  lattice

⟨O⟩ = ​ D [A ​, ψ , ​]e O [A ​, ψ , ​]
Z

1
∫ μ ψ̄ −S [A ​,ψ , ​]μ ψ̄

μ ψ̄

Lattice  regulator :  f inite  spac ing   (UV ) ,  f inite  extent   ( IR)

L a

Ca lculate  observab le   on  f inite  lattice

Extrapolate  to  the  continuum :  ,  

S

a L = aN ​s

                                  
⟨O⟩

a → 0 L → ∞
1414

textbooks: e.g. Montvay, Münster 1997 Degrand, Detar 2006 Gattringer, Lang 2010textbooks: e.g. Montvay, Münster 1997 Degrand, Detar 2006 Gattringer, Lang 2010



First-order PTs in gauge-fermion theories

The  Columb ia  plot :  Strong  lattice  spac ing  -dependence

(Phase  diagram  for  three  fermion  flavours)

coarse  lattice   f ine  lattice

a

                  1515

see e.g. Cuteri et.al. see e.g. Cuteri et.al. [2009.14033][2009.14033] [2107.12739][2107.12739] Kaiser, Philipsen  Kaiser, Philipsen [2212.14461][2212.14461] Klinger et.al. Klinger et.al.

[2501.19251][2501.19251]

http://arxiv.org/abs/2009.14033
https://arxiv.org/abs/2107.12739
http://arxiv.org/abs/2212.14461
http://arxiv.org/abs/2501.19251


Generalized large-

Columbia plot

here :  mass  extrapolated  to

chira l  l imit  

1st  order  phase  transition

observed  for  a l l   studied

However,  no  transition  survives

the  continuum  l imit

N ​f

m = 0

N ​f

e.g. Cuteri et.al. e.g. Cuteri et.al. [2009.14033][2009.14033] [2107.12739][2107.12739]

Kaiser, Philipsen Kaiser, Philipsen [2212.14461][2212.14461] Klinger et.al. Klinger et.al.

[2501.19251][2501.19251]
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http://arxiv.org/abs/2009.14033
https://arxiv.org/abs/2107.12739
http://arxiv.org/abs/2212.14461
http://arxiv.org/abs/2501.19251


Summary: Where to expect

1st order transitions?

Pure  gauge  theory  with  

Deconf inement  transitions  for

heavy  fermions

Upper-right  corner  of

Columb ia  plot

Probab ly  no  1st  order  chira l

phase  transition

N ​ >c 2

1717



First-order transitions on the lattice
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Finite temperatures on the lattice

Princ iple :  Trade  time  for  temperature  

Lattice  of  size   corresponds  to  

⟨O⟩ = ​ D [A ​, ψ , ​]O [A ​, ψ , ​]e
Z

1
∫ μ ψ̄ μ ψ̄ −S [A ​,ψ , ​]μ ψ̄

Fermions  can  be  integrated  ana lytica l ly

⟨O⟩ = ​ D [A ​]Z [A ​]O [A ​]e
Z

1
∫ μ μ μ

−S ​[A ​]G μ

We  need  to  eva luate  this  integra l

Monte-Carlo  methods :

Sample  integra l  for  some  gauge  f ield  conf igurations  

T

(aN ​) ×s
3 (aN ​)t T = 1/aN ​t

A ​{ μ
n}

1919

textbooks: e.g. Montvay, Münster 1997 Degrand, Detar 2006 Gattringer, Lang 2010textbooks: e.g. Montvay, Münster 1997 Degrand, Detar 2006 Gattringer, Lang 2010



Generating configurations: Importance sampling

⟨O⟩ = ​ D [A ​]Z [A ​]O [A ​]e
Z

1
∫ μ μ μ

−S ​[A ​]G μ

generate  a  Markov  cha in :  

update  so  that  for   the   are  distributed  according  to

dP (A ​) =μ D [A ​]Z [A ​]e
Z

1
μ μ

−S ​[A ​]G μ

then  observab les  are  ca lculated  by

⟨O⟩ = ​ ​O [A ​]
N ​conf

1

i=1

∑
N ​c o n f

μ
( i)

 

A ​ →μ
(1)

A ​ →μ
(2)

A ​ →μ
(3) ⋯ → A ​ →μ

(n) …
n → ∞ A ​μ

(n)

2020



1st order transitions &

importance sampling

The  probab i l ity   has  two

peaks  (phase  coexistence)

Markov  cha in  tends  to  get  stuck

in  one  peak

S ituation  worsens  as  the

continuum  is  approached

dP (A ​)μ

2121



Density-of-states approaches

A lternative  microcanoica l  approach

Z = D [ϕ]e =∫ βS [ϕ ] dEρ(E )e∫ βS [ϕ ]

ρ(E ) = D [ϕ]δ(S [ϕ] −∫ E )                      

If  we  were  to  know   we  can  reconstruct  every  observab le  that

only  depends  on  the  energy  

By  determining   for  f ixed   we  c ircumvent  the  prob lems

faced  by  importance  sampling

ρ(E )
E

ρ(E ) E

2222

see e.g. Langfeld et.al. see e.g. Langfeld et.al. [1204.3243][1204.3243] [1509.08391][1509.08391]

file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/1204.3243
file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/1509.08391


Determining the d.o.s.: Linear Logarithmic Relaxation

ρ(E ) = ρ(0) exp − ​ d a( )[ ∫
0

E

E
~

E
~

]

In  practice ,  we  determine   for  discrete  va lues   of  width  

Restrict  action   to  energy  interva l  for  given  

⟨⟨O⟩⟩(a) = D [ϕ]O [ϕ]W(E ​, δ) exp a ⋅ S [ϕ] − E ​∫ k [ ( k )]

Can  be  ca lculated  on  the  lattice

The  correct  logarithmic  density-of-states   fulf i l ls

⟨⟨S [ϕ] − E ​⟩⟩(a) =k 0
Can  be  solved  iteratively !

a(E ) E ​k δ

S [ϕ] a(E ​)k

a(E )

2323

see e.g. Langfeld et.al. see e.g. Langfeld et.al. [1204.3243][1204.3243] [1509.08391][1509.08391]

file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/1204.3243
file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/1509.08391


Robbins-Monro solution

⟨⟨S [ϕ] − E ​⟩⟩(a) =k 0
A  stochastic  variation  of  the  Newton-Raphson  method

a ​ =n+1 a ​ −n c ​⟨⟨S [ϕ] −n E ​⟩⟩(a ​)k n

​ c ​ →
n

∑ n
2 finite    ​ c ​ →

n

∑ n ∞

Whole  setup  for  density-of-states :  Start  with  initia l  

Update  with  Robb ins-Monro   times  and  obta in   (the  dos)

Repeat   times  to  obta in  

Measure  observab les   times  to  obta in  an  error  estimate

a ​0

n a ​n

N a ​{ n
( i) }

N
2424

see e.g. Langfeld et.al. see e.g. Langfeld et.al. [1204.3243][1204.3243] [1509.08391][1509.08391]

file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/1204.3243
file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/1509.08391


Observables in the LLR approach

Operators  that  are  functions  of  the  energy  

⟨O(S [ϕ])⟩ = ​ =
D [ϕ]e∫ βS [ϕ ]

D [ϕ]O(S [ϕ])e∫ βS [ϕ ]

​

dE  ρ(E )e∫ βE

dE  ρ(E )O(E )e∫ βE

It  can  be  shown  that  other  observab les  are  a lso  accessib le

⟨O [ϕ]⟩ = ​

dE  ρ(E )e∫ βE

dE  ρ(E )⟨⟨O⟩⟩(a(E ))e∫ βE

S [ϕ]

2525

see e.g. Langfeld et.al. see e.g. Langfeld et.al. [1204.3243][1204.3243] [1509.08391][1509.08391]

file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/1204.3243
file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/1509.08391


Some results in pure gauge theory I

in  our  lattice  discretization  S [ϕ] = ​ 1 − u ​[ϕ]
a4
6V ( p )

    2626

see e.g. Lucini et.al. see e.g. Lucini et.al. [2305.07463][2305.07463] Bennett et.al.  Bennett et.al. [2409.19426][2409.19426] David Mason (Thesis - Swansea David Mason (Thesis - Swansea

University)University)

http://arxiv.org/abs/2305.07463
http://arxiv.org/abs/2409.19426


Relation to latent heat and surface tensions

D ifference  in  plaquette

(energy)  gives  latent  heat  

Δ⟨u ​⟩ ​ ∝p β ​c
L ​/T ​h c

4

Peaks  of  the  probab i l ity

distribution  relate  to  surface

tension  

​ ∝
P ​max

P ​min
α ​ exp −α ​σ ​/T ​1 ( 2 cd c

3 )

L ​h

σ ​cd

Lucini et.al. Lucini et.al. [2305.07463][2305.07463] Bennett et.al. Bennett et.al.

[2409.19426][2409.19426]

David Mason (Thesis - Swansea University )David Mason (Thesis - Swansea University )

2727

http://arxiv.org/abs/2305.07463
http://arxiv.org/abs/2409.19426


Lattice volume dependence

2828

see e.g. Lucini et.al. see e.g. Lucini et.al. [2305.07463][2305.07463] Bennett et.al.  Bennett et.al. [2409.19426][2409.19426] David Mason (Thesis - Swansea David Mason (Thesis - Swansea

University)University)

http://arxiv.org/abs/2305.07463
http://arxiv.org/abs/2409.19426


The Polyakov loop

order  parameter  for  phase

transitions

measured  via  doub le-bracket

eva luation  on  restricted  energy

interva ls

similar  strong  volume

dependence

Lucini et.al. Lucini et.al. [2305.07463][2305.07463] Bennett et.al. Bennett et.al.

[2409.19426][2409.19426]

David Mason (Thesis - Swansea University )David Mason (Thesis - Swansea University )

2929

http://arxiv.org/abs/2305.07463
http://arxiv.org/abs/2409.19426


Summary

Dark/composite  sector  are  interesting  BSM  candidates

F irst  order  transitions  occur  for  heavy  fermions  and  in  pure  gauge

Standard  Lattice  techniques  struggle  with  1st  order  transitions

LLR  provides  an  a lternative  approach  to  perform  f irst-princ iples

lattice  ca lculations !

Thank you
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Back-up  slides
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Other densities-of-state: Polyakov Loop Potential 

following  Langfeld/Pawlowski  [1307 .0455]  it  is

Z [j ] = D [ϕ] exp S [ϕ] + jp[ϕ]∫ { }

               V (q) = ​ j q − log Z [j ]       q =
Λ ​3

T
( ) ​ log Z [j ]

dj
d

introduce  density-of-states  of  the  Polyakov  loop

ρ(p) = D [ϕ]δ(p[ϕ] −∫ q) exp S [ϕ]{ }

Obta in   and   using  this  dots

q [j ] = ​ d ​ρ( ​) ​e
Z [j ]

1
∫ q~ q~ q~ j ​q~

V (q)

Z [j ] q [j ]

3232

http://arxiv.org/abs/1307.0455


Flavour symmetry

H igher  symmetry  than  QCD - l ike  theories

M ixing  of  left-  and  right-handed  Weyl  components

Ψ = ​ ​ ​ =

u ​L

d ​L

−SCu ​R
∗

−SCd ​R
∗

​ ​ ​ ​

u ​L

d ​L

​u~R
​d

~
R

C … charge conj.
S … colour matrix

L ​ =DM i D/Ψ −Ψ̄ ​ Ψ SCMΨ + h.c.
2
1

( T )

Mass  matrix   proportiona l  to  symplectic  invariant  tensor

generators   in  fundamenta l  :  

M

τ ​a Sτ ​S =a −τ ​a
T
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Dark Matter interaction with SM: Freeze out

Therma l  interactions  in  early  universe

Assume  

1 .  Early  universe :  equilibrium

2 .   kinematica l ly  suppressed

 number  drops*

3 .  Not  enough   for  more  annihilation

 number  stays  constant  freeze-out

SM ⇌ DM

SM → DM
DM

DM
DM ⇒ [ 1 ]

3434
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Hadronic multiplets of 

G loba l  flavour  symmetry  breaks :  

Phenomenological consequences

 one   is  a  singlet   not  protected  by  symmetry

 no  vector  singlets :  no  mixing  of  vector  mediators

(without  further  symmetry  breaking)

Sp(4) ​ :c N ​ =f 1 + 1

Sp(4) ​ →F SU (2) × SU (2) [ 1 ]

10 → 6 (unflavoured) + 4 (flavoured)
5  → 1 (unflavoured) + 4 (flavoured)

⇒ π →
⇒

3636

[1] Kulkarni et. al. [[1] Kulkarni et. al. [2202.051912202.05191]]

http://arxiv.org/abs/2202.05191


QCD Spectrum

 l ight :  pseudo -Goldstones

Vectors  and  sca lars  l ight

L ight  and  broad   singlet  

Heavy   singlet  

 anoma lously  broken

π ,K ,η

0+ f ​/σ0

0− η ′

⇒U (1) ​A

3737



Mesonic multiplets in QCD

Approximate  ,  

Mesons  in  irreps :

 triplets  and  singlets

 octets  and  singlets

​

2 ⊗ 2 = 3 ⊕ 1

⊗ 3 = 8 ⊕ 13̄

​ ​

octets :

triplets :

singlets :

(π , K , η), (ρ, K , ω), …∗

(π , π ), (ρ , ρ ), …± 0 ± 0

η , f ​/σ , ϕ, …′
0

SU (2) ​F SU (3) ​F

SU (2) ​ :F

SU (3) ​ :F

3838



Hadronic naming scheme

dark  fermions/quarks :   and  

mesons  named  after  equiva lent

QCD  state :  e .g .  dark  pions :

​ ​

π = γ ​u   π = γ ​d+ d̄ 5
− ū 5

π = γ ​d − γ ​u0 d̄ 5 ū 5

η = γ ​d + γ ​u′ d̄ 5 ū 5

u d

3939



The minimal Sp(4) SIMP model

 with   has  exactly   Goldstones

Dark  hadrons  DM  candidates   non-perturbative

Low  energy  effective  theory  (EFT )  needed

Comb ine  the  methods  with  lattice  f ield  theory

Derive  low  energy  EFT  for  dark  sector  +  mediator

Low  energy  constants  (LECs)  from  lattice

Use  EFT  for  astro/collider/direct  detection  pheno

L = L ​ +SM L ​ +Sp(4) L ​mediator

Sp(4) N =f 2 5
→

4040



Calculating the meson correlator

Eva luate  diagrams  in  terms  of  fermion  propagator  

D isconnected  diagram  ( left)  particularly  cha l lenging

only  appears  for  singlets  (gluonic  propagation)

Constant  term  arises  for  singlets

vacuum  term  for  ,  f ixed  topologica l  charge  for  

D−1

σ η ′

4141



Lattice technicalities

Inversion  of  :  huge  matrix

typica l ly   where  

D isconnected  diagrams

Constant  contribution  of  

Inf inite  volume  extrapolation  

F inite  spac ing  ana lysis  

D

N × N N ≈ O(10 )12

∣⟨0∣O ∣0⟩∣2

L → ∞
a → 0

4242



A note on sampling the path integral

Fermionic  action  is  Grassmann-va lued

​ ​

⟨O⟩ = ​ D [A ​, ψ , ​]O [A ​, ψ , ​] exp −S ​[A ​] − S ​[A ​, ψ , ​]
Z ​Z ​g f

1
∫ μ ψ̄ μ ψ̄ ( g μ f μ ψ̄ )

= ​ D [A ​]O ​[A ​] det −D [A ​] exp −S ​[A ​]
Z ​g

1
∫ μ F μ ( μ ) ( g μ )

Lattices  are  huge :  Monte-Carlo  sampling  required

Interpret  the  exponentia l  term  and  determinant  as  probab i l ity

ρ[A ​] =μ ​ ​ exp −S ​[A ​]
Z ​g

1

causes  problems

​det −D [A ​]( μ ) ( g μ )

4343



The fermion determinant 

Not  guranteed  to  be  positive  def inite :  Weak  sign  prob lem

But  its  square  is :  

two-flavour  theories  are  particularly  nice  on  the  lattice !

Fermions  sampled  from  auxil iary  bosonic  f ields

det DD =( † ) π ​ D ϕ, ϕ exp −ϕ DD ϕ−N ∫
R2N

[ † ] ( † ( † )
−1

)

 det −D[A ​]( μ )

det D det D = det DD ≥( † ) 0

4444



QCD like Dark Matter models

Strongly- interacting ,

conf ining  sector

Mostly  models  with  dark  chira l

symmetry  breaking

pseudo -Goldstones   as  DM

candidate

Pheno  ca lculations  rely  on

effective  f ield  theories  (EFTs)

π

4545



Composite Higgs studies can be repurposed

Coset  spaces  for  H iggs  physics  are  large  enough  for  SIMP  DM

applies  a lso  to  different  fermion  reps .  (e .g .  )

or  mixed  representation  theories

Partic le  spectrum  determines  relevant  hadronic  states

Scattering  studies  in  the  context  of   scattering

Sp(4), N ​ ≥f
as 2

WW

4646



Applications of  gauge theory beyond SIMP DM

Generic  features  of  non-Abelian  conf ining  gauge  thoeries

Hadron  masses  as  functions  of   and  

large   l imit  

H iggs  compositeness ,  partia l  top  compositeness  

M ixed  fermion  representations :  near  conforma l  behaviour?

Model  theory  for  f inite  density  ca lculations  (no  sign  prob lem)  

F inite  temperature  behaviour :  Deconf inemt  and  chira l  symmetry

Potentia l  f irst  oder  phase  transitions?  

Sp(2N )

N ​f N ​c
[ 1 ]

N ​c
[ 2 ]

[ 3 ]

[ 4 ]

[ 5 ]
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[1]Nogradi,Szikszai[1]Nogradi,Szikszai[2107.05996][2107.05996][2]Bennett et.al.[2]Bennett et.al.[2010.15781][2010.15781][3]Bennett et.al.[3]Bennett et.al.[2202.05516][2202.05516],Drach,Drach

et.al.et.al.[2107.09974][2107.09974]

[4] e.g. Boz. et.al. [4] e.g. Boz. et.al. [1912.10975][1912.10975], [5] Mason et.al. , [5] Mason et.al. [2310.02145][2310.02145]

http://arxiv.org/abs/2107.05996
http://arxiv.org/abs/2010.15781
http://arxiv.org/abs/2202.05516
http://arxiv.org/abs/2107.09974
https://arxiv.org/abs/1912.10975v2
https://arxiv.org/abs/2310.02145


Extra  meson  states :

Diquarks and Anti-Diquarks

​ ​

π ​ :      1

π ​ :      2

π ​ :      3

π ​ :      4

π ​ :      5

γ ​dū 5

γ ​ud̄ 5

​ γ ​u − γ ​d
​2

1
(ū 5 d̄ 5 )

γ ​SCd̄ 5 ūT

d SCγ ​uT
5
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Dark Matter - Why?

Strong  observationa l  evidence  at  many  sca les !

Modif ied  gravity,  primordia l  b lack  holes  are  a lternatives

New  partic les  beyond  the  Standard  Model  (BSM)  promising !
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[1] e.g. Bertone, Hooper, Silk. [[1] e.g. Bertone, Hooper, Silk. [hep-ph/0404175hep-ph/0404175] [2] e.g. PDG review and Famaey, McGaugh] [2] e.g. PDG review and Famaey, McGaugh

[[1112.39601112.3960]]

https://arxiv.org/abs/hep-ph/0404175
https://arxiv.org/abs/1112.3960
Note
mention primordial black holes



Dark Matter properties

DM  self- interaction  phenomenologica l ly  a l lowed  and  potentia l ly

relevant  for  sma l l-sca le  structure  prob lems

non-vanishing  scattering  cross-sections  

veloc ity  dependence  of   preferred

[ 1 ]

σ ​2DM→2DM

σ ​2DM→2DM

       

5050

[1] see e.g. Bullock,Boylan-Kolchin [[1] see e.g. Bullock,Boylan-Kolchin [1707.042561707.04256], Tulin, Yu [], Tulin, Yu [1705.023581705.02358]]

https://arxiv.org/abs/1707.04256
https://arxiv.org/abs/1705.02358
Note
- *core-vs-cusp* problem most prominent



QCD Spectrum

 l ight :  pseudo -Goldstones

Vectors  and  sca lars  l ight

L ight  and  broad   singlet  

Heavy   singlet  

 anoma lously  broken

π ,K ,η

0+ f ​/σ0

0− η ′

⇒U (1) ​A

5151



A  concrete  model  theory :

Two-flavour Sp(4) Gauge Theory

5252



SIMPs from  gauge theory

Pseudo -rea l  representation :  

 more  pseudo -Goldstones

 no  fermionic  bound  states

:  exactly   Goldstones

A l lows  

Sp(4)

[ 1 ]

⇒
⇒
N ​ =f 2 5

3DM → 2DM [ 2 ]

[1] Kosower [1] Kosower (Phys.Lett.B. 1984)(Phys.Lett.B. 1984)

[2] Hochberg et. al. [[2] Hochberg et. al. [1411.37271411.3727] [] [1512.079171512.07917]]

5353

file:///home/fabian/Nextcloud/Uni/Vortr%C3%A4ge_und_Aufenthalte/2025-02%20Sussex/talk.md
http://arxiv.org/abs/1411.3727
http://arxiv.org/abs/1512.07917


Lagrangian of  with fermions

L ​ =Sp (4) − ​F ​F +
4
1

μν
μν

​ ​ ​(iD/ +
f =u ,d

∑ ψ̄f m ​)ψ ​f f

H igher  symmetry  than  QCD - l ike  theories

​ ​

Ψ

L ​Sp(4)

= ​ ​ ​ = ​ ​ ​ ​

u ​L

d ​L

−SCu ​R
∗

−SCd ​R
∗

u ​L

d ​L

​u~R
d
~
R

C … charge conj.
  S … colour matrix

= i D/Ψ − ​ Ψ SCMΨ + h.c. − ​F ​FΨ̄
2
1

( T )
4
1

μν
μν

generators   in  fundamenta l  repr.  :  

mass  matrix   proportiona l  to  symplectic  invariant

Sp(4) ​c

τ ​a Sτ ​S =a −τ ​a
T

M 5454



Meson multiplets of  with 

 flavour  symmetry  between   Weyl  components

Extra  gauge  invariant  states :   and  

 
Sp(4) ​ :        4 ⊗F 4 = 1 ⊕ 5 ⊕ 10

 

Sp(4) ​c N ​ =f 2

Sp(2N ​)f 2N ​f

q … qT
​ … ​q̄ q̄T

5555

[1] Ryttov, Sannino [[1] Ryttov, Sannino [0809.07130809.0713] [2] Bennett et. al. [] [2] Bennett et. al. [1912.065051912.06505]]

https://arxiv.org/abs/0809.0713
https://arxiv.org/abs/1912.06505
Note
*diquark* and *anti-diquark* states $\small \rm ^{[1]}$

- Different multiplets depending on $J^P$ number

$$5 \pi,~ 10 \rho,~ 5 a_0,~ 5a_1,~ 1 \eta',~ 1\sigma,~0\omega$$



Pseudoscalar (PS) and vector (V) multiplets

5656



Non-perturbative  input  is  needed :

The case for lattice investigations

5757



The case for lattice investigations

Theory  is  non-perturbative  at  low  energies !

Lattice  a l lows  f irst-princ iples  ca lculations

Errors  are  systematica l ly  improveab le

Effective  f ield  theories  are  powerful  tools !

Lattice  can  ca lculate  low -energy  constants

provides  connection  to  UV  complete  theory

Scattering  properties  accessib le  on  the  lattice !

5858



BSM/DM wishlist from the lattice

1 .  Masses  and  decay  constants  of  dark  hadrons

Non-singlet  and  singlet  mesons ,  glueba l ls

2 .  Scattering  of  dark  pions

 for  self- interaction  crossection

 for  SIMP  semi-annihilation

3 .  Applicab i l ity  of  PT  and  related  EFTs

2π → 2π
3π → 2π

χ

5959



Lattice spectroscopy: Getting meson masses

Construct  operator  with  same  quantum  numbers ,  e .g .

O ​ =π γ ​d            J =ū 5
P 0 (non-singlet)−

Spectroscopy  for  meson  from  its  correlator  

​ ​

C (t= τ − t )′

C (t= τ − t )′

= ​⟨O( , τ )O ( ​, t )⟩
, ​x y

∑ x † y ′

= ​⟨0∣O( , τ )∣n⟩⟨n∣O ( ​, t )0∣⟩ ​

, ​,nx y

∑ x † y ′

2E ​n

e−E ​tn

= Ae + O(e )−E ​t0 −ΔEt

Ground  state  mass  ,  decay  constant  

C ​(t)M

E ​ =0 m ∝ ​A
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Non-singlet spectrum

6161

Bennett et. al. [Bennett et. al. [1909.126621909.12662]]

http://arxiv.org/abs/1909.12662


The pseudoscalar singlet  is

surprisingly light!

Phenomenologica l ly  relevant :

 different  from  QCD

relevant  low -energy  dof

 relevant  for   scattering

more  accessib le  channels  for

decays  into  SM

Interesting! Is this surprising?

η ′

m ​ >ρ m ​η ′

η ′ ππ

[1] Bennett et. al. [[1] Bennett et. al. [2304.071912304.07191]]

6262

http://arxiv.org/abs/2304.07191
Note
explain solid lines

mention that eta' has never been considered in DM



Consider different theories:

Large  :  

 could  be  "sma l l"

 could  be  " large"

SU(2) and SU(3) comparison:

S imilarities :generic   feature?

QCD :  strong   dependence

D ifferences  may  arise  

mass driven by flavour content!

N ​c m ​ −η ′ m ​ ∝π N ​/N ​f c

N ​ =f 2
N ​ =c 4

N ​ =f 2
N ​f

m ​/m ​ →π ρ 0

Bennett et. al. [Bennett et. al. [2304.071912304.07191]]
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http://arxiv.org/abs/2304.07191


Consequences for Dark Matter

Mass  hierarchies :  l imit  PT  va l idity

inc lusion  of  other  states  than   required ,  e .g .   and  

additiona l  tests  needed  (fermions  are  too  heavy)

L ight  unprotected  states   a l low  decays  into  SM

no  protection  from  symmetry

χ

π η ′ ρ

η , π′ 0

6464

Kulkarni al. [Kulkarni al. [2202.051912202.05191]]

http://arxiv.org/abs/2202.05191


Dark Matter Scattering on the Lattice

P ions  are  in  the  5-dimensiona l  representations

A  two  pion  scattering  is  in  one  of  three  irreps

5 × 5 = 14 ⊕ 10 ⊕ 1
Corresponds  to  the  usua l  QCD  channels

 isospin   in  QCD,  e .g .  

 isospin   in  QCD,  e .g .  

 isospin   in  QCD,  e .g .  

14 ⇔ I = 2 π π+ +

10 ⇔ I = 1 ππ → ρ

0 ⇔ I = 0 ππ → σ/f ​0
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Scattering information from the lattice

Scattering  phase  shift   from  f inite  volume  energy

​ ​

tan(δ ​(q))0

cosh ​(
2

E ​ππ )

= ​ ,    q = p ​

Z ​(1, q )00
0 2

π q​2
3

∗

2π
L

= cosh(m ​) + 2 sin ​ππ (
2
p∗

)
2

Low -veloc ity  behaviour :  Scattering  length

 relation  between   energy   and   on  a  lattice  

​​ = ​ 1 + c ​ ​ + c ​ ​

m ​π

δE ​ππ

(m ​L)π
3

4πm ​a ​π 0 ( 1
m ​Lπ

m ​a ​π 0
2 (

m ​Lπ

m ​a ​π 0 )
2

)

δ ​(p)0

⇒ ππ E ​ππ m ​π
[ 1 ]
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[1] M. Lüscher [1] M. Lüscher (Nucl.Phys.B 1991)(Nucl.Phys.B 1991)
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