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Gravitational Waves

Non-Abelian  BSM  gauge

sector  with  deconf ining  high-

transition

1st  order  transition  leads  to

Gravitational  Wave

background

Could  be  detectable  at  GW

telescopes

Symplectic Gauge Theories

Recent  interest  in  BSM  models

(with  fermions)

G ive  a  minima l  rea l isation  of

some  Dark  Matter  models

models  of  composite  H iggs

with  partially  composite  top

Predictions  require  non-perturbative  input   Lattice  methods !
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First-order phase transitions in gauge theories

F inite  temperature  conf inement-deconf inement  transitions

Oder  parameter  typica l ly :  Polyakov  loop  (at  least  approximate)

Typically  f irst  order  except  for  

,  ,   are  f irst  order

Larger   stronger  phase  transition

W ith  suff ic iently  heavy  fermions :  Stil l  a  f irst  order  transition

Our  approach  is  applicab le  to  generic  gauge  groups !

SU (2)

Sp(2N > 4) SU (N > 2) G ​2

N ​ →c
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Where to expect 1st order transitions?

Pure  gauge  with  

Deconf inement  transitions  for

heavy  fermions :   with

 has  

Probab ly  no  1st  order  chiral

transition  for  a l l  

below  conforma l  window

(ta lk  by  Jan  Philipp  K l inger

Monday)

Here :  pure  Yang-M ills  theory

N ​ >c 2

SU (3)

N ​ =f 2 m ​/T ​ ≈π c 18(4)

N ​ <f N ​f
cw
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Finite temperatures on the lattice

​ ​

Z = D [A ] exp −βS [A ]∫ ( )

= D [A ] exp −F ​[A ]F ​[A ] g )∫ ( μν μν / 2

W i lson  action :  l ink  variab le  ,

lattice  spac ing  ,  

temperature  

Relvant  Observab les :  surface  tension  ,  latent  heat  

diagram adapted from Huang et.al. [2012.11614] 

U

a V /a =4 N ​N ​t s
3

S [U ] = 6V (1 − ​)

average    p laquette

u ​[U ]p

1/T = a(β )N ​t

image courtesy of  D. Mason

σ ​cd L ​h
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1st order transitions & importance sampling

probab i l ity   has  two  peaks

(phase  coexistence)

l ittle  tunneling  between

phases

worsens  as   and  

Relates  to  surface  tension  

and  latent  heat  

​ ​

​

P ​max

P ​min

Δ⟨u ​⟩ ​p β ​c

∝ ​ exp −2 ​ ​N ​s (
N ​t

2
N ​s

2

T ​c
3

σ ​cd )

∝ L ​/T ​h c
4

P (E )

V → ∞ a

σ ​cd

L ​h
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Density-of-states approaches

M icrocanoica l  approach

​ ​

Z

 ρ(E )

= D [A ]e = dEρ(E )e∫ βS [A ] ∫ βS [A ]

= D [A ]δ (S [A ] − E )∫

 any  observab le  

Determine   for  f ixed  :

Avoid  importance  sampling

prob lems

Operators  that  are  functions

of  the  energy  

​ ​

⟨O(E )⟩ = ​ D [A ]O(S [A ])e
Z

1
∫ βS [A ]

= ​ dE  ρ(E )O(E )e
Z

1
∫ βE

can  be  genera l ized  to  arb itrary

operators  

ρ(E ) ⇔ O(E )

ρ(E ) E

E = S [A ]

O [A ] = O(E )
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see e.g. Langfeld et.al. see e.g. Langfeld et.al. [1204.3243][1204.3243] [1509.08391][1509.08391]
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Determining the : Linear Logarithmic Relaxation (LLR)

ρ(E ) = ρ(0) exp − ​ d a( )[ ∫
0

E

Ē Ē ]

Determine   in  discrete  interva ls   of  width  

Restrict  action   to  energy  interva l  for  given  

​ ​

⟨⟨O⟩⟩( )â

W (x , δ )

= D [A ]O [A ]W(E ​, δ ) exp S [A ] − E ​∫ k [( k ) â ]

= ​ ​{
1
0

if x ∈ −δ/2, +δ/2[ ]
else

The  correct  logarithmic  density-of-states   fulf i ls

 restricted   expectation  va lues

ρ(E)

a(E ) E ∈ E ​k δ

S [A ] a(E )k

a(E )

​⟨⟨S [A ] − E ​⟩⟩( = a(E )) = 0k â ⇒ E 88

see e.g. Langfeld et.al. see e.g. Langfeld et.al. [1204.3243][1204.3243] [1509.08391][1509.08391]
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Robbins-Monro (RM) iterative method

⟨⟨S [A ] − E ​⟩⟩(a) =k 0

a stochastic Newton method

​a ​ = a ​ − c ​⟨⟨S [A ] − E ​⟩⟩(a ​)n+1 n n k n

condition  on  coeff ic ient

​ c ​ =
n

∑
∞

n ∞,        ​ c ​ →
n

∑
∞

n
2 finite

1 .  Start  with  initia l  

2 .  Update  with  RM   times  

3 .  Repeat   times  

4 .  Measure  observab les :  error

estimate  from   repetitions

Lattice  setup :  H iRep  extended  to  ,  heatbath  updates  with

doma in  decomposition ,  studies  of   group  are  work- in-progress

a ​0

n ⇒ a ​n

N ⇒ a ​{ n
( i ) }

N

Sp(2N )

SU (N )
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see e.g. Langfeld et.al. see e.g. Langfeld et.al. [1204.3243][1204.3243] [1509.08391][1509.08391]
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Preserving ergodicity and approaching the continuum

in  restricted  energy

interva l

 potentia l  ergodic ity  issues

Multiple  interva ls  in parallel

a l low  replica  to  leave

interva l  by  swapping  with

neighbours

Required  l imits :

1 .  energy  interva l  width  

2 .  thermodynamic  l imit  

3 .  continuum  

⟨⟨O⟩⟩

⇒

image:  Pel legr ini  et .a l .   (LATTICE2016)  

δ → 0

N ​ →s ∞

a → 0 ⇔ N ​ →t ∞ 1010



Results:  with 

parameters  studied varying  energy  interva l  width  

Sp(4) N ​ =t 4, 5

δ
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Results:  with Sp(4) N ​ =t 4, 5
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Results: Determining critical β ​c
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Results: Determining critical β ​c
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Results: Surface tension

Determined  from

=I
~

− ​ ​ log ​ +
2
1

(
N ​s

N ​t )
2

(
P ​max

P ​min ) ​ ​ log(N ​)
4
1

(
N ​s

N ​t)
2

s

approaches  dimensionless

surface  tension

​ =
N ​/N ​→∞s t

l im I
~

​

T ​C
3

σ ​cd

strong  discretization  artefacts

observed
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Summary

F irst  order  transitions  occur  for  heavy  fermions  and  in  pure  gauge

Standard  Lattice  techniques  struggle  with  1st  order  transitions

LLR  provides  an  a lternative  approach  to  perform  f irst-princ iples

lattice  ca lculations !

More  work  needed  to  take  the  full  continuum  l imit

Thank you
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